We study the worst-case error of quasi-Monte Carlo rules for multivariate integration in some weighted Sobolev spaces of functions defined on the product of d copies of the unit sphere S s ⊆ R s+1 . The space is a tensor product of d reproducing kernel Hilbert spaces defined in terms of uniformly bounded 'weight' parameters γ d,a for a = 1, 2, . . . , d. We prove that strong QMC tractability holds (i.e. the number of function evaluations needed to reduce the initial error by a factor of ε is bounded 
Introduction
Many important problems in quantum mechanics and transport theory require the evaluation of repeated angular integrals of the form
where d is large, and possibly unbounded. Here S 2 ⊆ R 3 denotes the usual unit sphere, and dω(x) denotes surface measure on the unit sphere. To be explicit, in the case of a single sphere and the familiar polar coordinates, the integral can be written as Most deterministic numerical methods for such problems (for example, for each sphere the product of a Gauss cubature rule with respect to cos θ and a trapezoidal rule with respect to φ) have a cost (in terms of the number of function evaluations) that grows exponentially with d. In this paper we seek to answer the theoretical question: Can we find a function space setting in which the cost (in terms of the number of function evaluations needed to reduce the initial error by a factor of ε) is bounded independently of d? The answer turns out to be yes, but with arguments that tell us nothing about the construction of numerical schemes to achieve the theoretical bounds.
In recent years there has been intensive study of the analogous question for integration over the d-dimensional unit cube (see [19, 5, 6, 20, 21, 2] ), using quasi-Monte Carlo (QMC) algorithms: they are equal-weight cubature rules of the form
where t i,a ∈ [0, 1] for each i = 1, 2 . . . , n and a = 1, 2, . . . d. The problem in (1) is similar: the integration region in (1) is the product of d copies of the unit sphere S 2 , whereas the unit d-dimensional cube is the product of d copies of the unit interval. Arguing by analogy, and taking the works above for the unit cube as our guide, we choose the function spaces in which we work to be d-fold tensor products of reproducing kernel Hilbert spaces; moreover, the factors in the tensor product are assumed to be weighted by certain parameters γ d,a , for a = 1, 2, . . . , d, since the unweighted problem turns out (as in the case of the d-cube) to have a cost that grows exponentially with d.
In the case of the d-dimensional unit cube, the non-constructive arguments in the works quoted above were quickly followed by constructive methods (see [17, 15, 9, 16] ), that achieve the optimal orders of convergence (see [8, 1] ) in the particular Hilbert spaces. We may hope that constructive methods will similarly emerge from the present nonconstructive study.
Formulation of the problem
For s ∈ N + , let S s ⊆ R s+1 denote the s-dimensional unit sphere given by
In this paper, we study the problem of integration on the Cartesian product (
where s is fixed and d ≥ 1 can be very large. The paper [7] was perhaps the first to consider QMC integration (in that case via low discrepancy sequences) on products of spheres. There are many research works on integration over the sphere S 2 (for example [10, 3, 11, 18, 4] ), but few advances have been made on the problem of integration on products of spheres. Recommended sources of background information on the mathematics of a single sphere are [14, 3] .
To keep the algebraic expressions simple, we will consider the 'normalized' integral
where |S s | denotes the surface area of S s , and dω(x) = dω( 
where · d denotes the norm in H d . For n = 0 we formally set Q 0,d = 0 so that the 'initial error' is
Now we define what we mean by QMC tractability. A general discussion of tractability can be found in [23, 24, 13] . For ε ∈ (0, 1) and d ≥ 1, we want to reduce the initial error by a factor of ε, that is, we want to find the smallest n = n(ε, d) for which t 1 , . . . , t n exist such that e n,d ≤ εe 0,d . The integration problem (in the worst-case setting) is said to be 'QMC tractable' in the space
where C, p, q are non-negative constants independent of ε and d. If (5) These conditions, which are exactly the conditions established for the unit cube in [19, 6, 20, 21, 2] , are obtained from upper and lower bounds of the worst-case error. We shall see that, just as for the unit cube, the argument is non-constructive; we are yet to develop constructive methods for QMC rules that achieve the theoretical bounds in the manner of [17, 15, 9, 16] .
Preliminaries

The sphere S s
For s ∈ N + , recall that the unit sphere S s ⊆ R s+1 is given by
Here we present some well known results about S s ; see for example [14] . The surface area
where Γ(·) is the gamma function, satisfying the recurrence relation Γ(1 + z) = zΓ(z), together with Γ(1) = 1 and Γ
For s = 2, we recover the well known surface area of the usual unit sphere,
denote the space of square-integrable and measurable real-valued functions on S s with the normalized inner product
denote the space of spherical polynomials of degree ≤ µ on S s (i.e. the restriction to S s of the polynomials of degree ≤ µ in R s+1 ), and let H (s+1) denote the space of spherical harmonics (see [12] ) of degree on S s (i.e. the restriction to S s of the homogeneous harmonic polynomials of degree in R s+1 ). Since P
consists of spherical harmonics
where for each , {Y
. In the case of s = 2, we have N (3) = 2 + 1, and dim P
µ = (µ + 1) 2 . We will assume that the spherical harmonics are orthonormal with respect to the normalized L 2 inner product, i.e.
where δ , is the Kronecker symbol with value 1 if = and 0 otherwise. The addition theorem of spherical harmonics will play an important role. With the normalization used here, it states
where x·y is the usual dot product in R s+1 , and C (λ) is the 'scaled' Gegenbauer polynomial of degree with parameter λ = s−1 2
. These scaled Gegenbauer polynomials are related to the classical Gegenbauer polynomials C (λ) by
In the special case of s = 2 (see [3] ), C
Legendre polynomial of degree . It follows from the addition theorem that Y
is the eigenfunction of the Beltrami operator ∆ * with respect to the eigenvalue − ( + s − 1). For any real number r > 0, we may define the operator (−∆ * )
Since the Beltrami operator is the angular portion of the Laplace operator, which is a differential operator of second degree, the operator (−∆ * ) r 2 has the intuitive meaning of taking r-th derivatives. This operator will be used in the next section when we define the norms of our Sobolev spaces.
The Sobolev space H
is equal in the L 2 sense to its Laplace (or Fourier) series
For r > 0 and γ > 0, we define the Sobolev space
of all spherical polynomials on S s with respect to the norm
where I 1 (f ) is the normalized integral of f
It then follows from the orthogonality of the spherical harmonics and the definition of the operator (−∆ * ) r 2 that for r > 0
The space H 1,γ is a Hilbert space with respect to the inner product
It follows from the Cauchy-Schwarz inequality and the addition theorem of spherical harmonics that
B s,r,γ ( )
Since N , point evaluation is a bounded linear functional on H 1,γ , and H 1,γ is therefore a reproducing kernel Hilbert space. That is to say, there exists
In fact, it can be easily verified that the reproducing kernel K 1,γ (x, y) is given by , from the well known Sobolev embedding theorem (see [22] ). Thus from now on we assume r > s 2 . When s = 2, the condition is simply r > 1.
The Sobolev space H d,γ d
We define the Sobolev space H d, d as the tensor product (see [24] for details about tensor product spaces)
where the sequence γ d = (γ d,1 , γ d,2 , . . . , γ d,d ) is assumed to be positive and uniformly bounded, that is
A function f in the tensor product space H d, d can be written as
where
for each a = 1, 2, . . . , d}, and
and the reproducing kernel is
The reproducing property of the kernel is
In the special case of s = 1, the space H d, d is equivalent to the weighted Korobov spaces of periodic functions considered in [20] . (3) and (2) can be expressed as
QMC tractability in
Thus we see from the definition of worst-case error (4) that
where we used again the reproducing property of K d . The initial error e 0,d satisfies
We define the mean of the squared worst-case errors over all cubature points by
It then follows from the expression for e 2 n,d , by separating the diagonal and off-diagonal terms in the double sum, that
So far we have shown that the worst-case error in a general reproducing kernel Hilbert space can be expressed in terms of the reproducing kernel. Now we focus on the Sobolev space H d, d defined in Section 3.3. We have
which is independent of x, and
For ≥ 1 the inner integral is
where the first equality follows from a change of variables (see Problem 2.3 in [14] ), the second equality follows from C (λ) 0 = 1, and the last equality follows from the fact that the Gegenbauer polynomials C (λ) (u) are orthogonal on [−1, 1] with respect to the weight [14] for the properties of Gegenbauer polynomials.) Thus we have . Then e 0,d = 1,
and
where c s,r is given by (6).
Upper bound
Since E(e We thus obtain an upper bound on e 2 n,d for well chosen points t 1 , . . . , t n .
Lemma 2 Let
Lower bound
Here we follow closely the argument used to obtain lower bounds in [20] . The argument would be straightforward if, as in [19] , all terms in the double sum in the expression for e H d, d is contained in the unit ball of H d, d , and hence from the definition (4) we have , d (t 1 , . . . , t n ) ≤ e n,d, d (t 1 , . . . , t n ) .
This means that the unit ball of
Thus to obtain a lower bound on e n,d = e n,d, d , we just need to choose an appropriate sequence η d and then obtain a lower bound on e n,d, d .
To help specify a choice of η d , consider the continuous function
The scaled Gegenbauer polynomials satisfy 
with the last inequality following from the definition of b r,s in (7). ¿From Lemma 1 and (8) we have
where the inequality is obtained by omitting the (non-negative) i = j terms in the double sum. This lower bound on e
is also a lower bound on e where b s,r is given by (7) and c s,r is given by (6) .
Theorem 4 Let r > s 2
, and let γ d = (γ d,1 , γ d,2 , . . . , γ d,d ) 
Concluding remarks
The result in this paper asserts the existence of a sequence of QMC rules for integration on the product of spheres with the Monte Carlo rate of convergence O(n −1/2 ). The proof is non-constructive, and there is currently no known algorithm for the construction of QMC rules that achieve the bound. In the special case of a single sphere S 2 , there are many ways of obtaining cubature points, and some of these (see for example [4] ) may achieve a higher rate of convergence than Monte Carlo. Much more work is needed here, both to obtain higher rate of convergence and to construct QMC rules to achieve these bounds.
